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ABSTRACT

Let G be a finite group and let k be a field. We say that G is a projective
basis of a k-algebra A if it is isomorphic to a twisted group algebra kG
for some a € H?(G,k*), where the action of G on kX is trivial. In a
preceding paper by Aljadeff, Haile and the author it was shown that if
a group G is a projective basis of a k-central division algebra, then G is
nilpotent and every Sylow p-subgroup of G is on the short list of p-groups,
denoted by A. In this paper we complete the classification of projective
bases of division algebras by showing that every group on that list is a
projective basis for a suitable division algebra.

We also consider the question of uniqueness of a projective basis of a
k-central division algebra. We show that basically all groups on the list A
but one satisfy certain rigidity property.
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1. Introduction.

Let k be a field. Let A be a k-central simple algebra. A basis {a1,as,...,a,}
of A is called a projective basis if all a;-s are invertible and for every pair
i,7 there is an m such that a;a; = Ajjan, for some A;; € k>, It is not difficult
to see that A has a projective basis if and only if it is isomorphic to a twisted
group algebra k®G, for some finite group G and some o € H?(G, k), where
the action of G on k* is trivial. The most important examples of algebras with
projective bases are the symbol algebras. Recall that a k-central simple algebra

B of dimension n?2

is a symbol algebra if B is generated by two elements x and
y with relations z" € k™, y" € k™, zy = & yx (&, is a primitive n-root of
unity contained in k). It is easy to see that B is isomorphic to k*(Z, x Z,)
for a suitable o € H?(Z,, x Z,, k), where Z,, denotes the cyclic group of order
n. In fact, if G is abelian and k*G is a k-central simple algebra then G is
of symmetric type (i.e., 2 H x H for some abelian group H) and k*G is
isomorphic to a tensor product of symbol algebras (see e.g., [4, Theorem 1.1]).

Central simple algebras with projective bases appear in the theory of G-
graded algebras. Recall that an (associative) algebra A over a field k is graded
by a group G if A decomposes into the direct sum of k-vector subspaces A =
@gec Ay such that AjA;, C Agy, for any g,h € G. A G-grading on A is called
fine if dimg(A,) < 1 for all g € G (see [5] for more details). Clearly, if A
is isomorphic to a twisted group algebra k*G then it is endowed with a fine
G-grading over k. Conversely, it is shown in [3, Theorem 1], that the support
SuppA ={g € G: A, #0} of a fine G-grading on a k-central simple algebra A
is a projective basis of A.

Groups G which are projective bases of central simple algebras are of special
interest in the representation theory of finite groups. Recall that the dimension
of an irreducible representation of a finite group I' is not greater than the square
root of [I' : Z(T")], where Z(I") denotes the center of I'. By definition, the group
T' is of central type if it admits an irreducible representation of the maximal
possible dimension m . A remarkable result of DeMeyer and Janusz
establishes that I' is of central type if and only if every Sylow p-subgroup S,
of I' is of central type and Z(S,) = Z(I')(S, ([6, Theorem 2]). Isaacs and
Howlett proved, using the classification of finite simple groups, that if I is of
central type then it is solvable ([7, Theorem 7.3]).
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If T is a group of central type and G = T'/Z(T"), then the irreducible represen-
tation of I' of dimension /[I" : Z(T")] induces a projective representation of G
(of the same dimension), and so there exists a cohomology class o € H?(G,C*),
such that C*G = M,,(C). By abuse of notation, we will call such G a group of
central type as well. In fact, it is easy to see that a group G is of central type
in this new sense if and only if G = T'/Z(T"), where T' is some group of central
type in the classical sense. Note, that the result of Isaacs and Howlett holds for
a group of central type in the new sense as well. Also, if G is of central type,
then every Sylow p-subgroup of G is of central type ([6, Corollary 4]). In this
paper we will use the notion of a group of central type only in the new sense.

In [1] Aljadeff and Haile analyzed division algebras which contain projective
bases G. In particular, they obtained two necessary conditions on the group G.

THEOREM 1: If k“G is a division algebra with center k, then G is nilpotent
and its commutator subgroup is cyclic ([1, Theorems 1 and 2]).

It follows by the nilpotency condition that a k-central division algebra k*G
is isomorphic to k' P; ® k*? P, ® --- ® k¥ P,,, where Py, P,, ..., P,, are the
Sylow p-subgroups of G and «; is the restriction of a to P;. Conversely, if
Py, P, ..., P, are p-groups (for m different primes) and k% P; is a k-central
division algebra for all ¢, then k' Py k*? P, ® - - - ® k“™ P, is a division algebra
with projective basis G =2 P; x --- X P,,. This reduces the analysis of such
algebras to the case where G is a p-group.

In [2, Corollary 3] there is a (short) list A of p-groups containing all p-groups
which possibly are projective bases of division algebras. The list A consists of
three families of groups G:

1. G is abelian of symmetric type, that is G = [[(Zpr: X Zpn: ),
2. G =2 (G1 x Gy where

n n .
G1=Zpn X Zyn = (m,0 | 0P =7 =landomo ' =7 1)

where 1 < s < nmand 1 # s if p = 2, and G2 is an abelian group of
symmetric type of exponent < p®,
3. G =2 G x Gy where

n+1 n
¥ =02 =12 =1,07 =70,
oro t=md rorl =x7t

and G is an abelian group of symmetric type of exponent < 2.

Gl = Z2n+1 N(Zgn XZQ) = <7'l'7 g, T

For the reader convenience we record [2, Corollary 3] in the following theorem.
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THEOREM 2: If a p-group G is a projective basis of a division algebra then G
is in A.

The main purpose of this paper is to complete the classification of projective
bases of division algebras, begun in [2], by showing that every group on the list

A is a projective basis for a suitable division algebra over an appropriate field.
Thus, combining this with Theorems 1 and 2 we have the following result:

THEOREM 3: Let G be a finite group. Then there exist a field k and a cohomol-
ogy class a € H*(G,k*) such that the twisted group algebra k“G is a k-central
division algebra if and only if G is nilpotent and all Sylow p-subgroups of G are
in A.

Now, combining Theorem 3 with [3, Theorem 1] we obtain a complete classi-
fication of the groups which support fine gradings on finite dimensional division
algebras over their centers.

THEOREM 4: Let G be a finite group. Then there exist a field k and a k-central
division algebra D with a fine grading such that Supp D = G if and only if G
is nilpotent and all Sylow p-subgroups of G are in A.

Next we consider the question of uniqueness of a projective basis of a k-central
division algebra.

Question (Strong rigidity): Let k*G and k° H be isomorphic k-central division
algebras. Is necessarily G = H?

The answer is negative in general. One can build a division algebra which
has two nonisomorphic abelian projective bases, see e.g. the construction in [11].
Moreover, it is shown in [2, proof of Theorem 13] that any k-central division
algebra of the form k%(Zy x (Zo x Z5)) is isomorphic to k% (Zy x Zo x Zo x Zs)
for a suitable 3 € H?((Z3)**, k*). The second objective of this paper is to
show that the group Z4 x (Z2 x Zs) is basically the only group on the list A
which does not satisfy the following weak version of rigidity.

Definition 5: We say that a group G satisfies weak rigidity if there exist a field
k and a cohomology class o € H?(G, k) such that k“G is a k-central simple
algebra and if kG = k®H for some H and 3 € H?(H,k*) then H = G.

Our result is given in the following theorem.
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THEOREM 6: Ifagroup G € A has no direct factor isomorphic to Zy X (Za X Z3),
then G satisfies weak rigidity.

2. Realization.

In this section we prove Theorem 3. Of course, we have to show only one
direction (namely, the part “if” of the theorem). In case (I) below we exhibit
the construction of a division algebra with projective basis G = Zpn X Zpn
(cf. [1, p. 192]). Next, in case (II) we realize the group Zan+1 X (Zan X Z2)
as a projective basis of division algebra, and then, in case (III), we show how
to realize arbitrary p-groups on the list A. All the realizations are similar and
done over the field of iterated Laurent series k = K((t1))((t2)) ... ((tn)) where
the field K and N depend on G.

(1) Let G = (m,0 | o?" =a?" = 1,om0 " = aP"t1), s < nand s # 1 if
p = 2. (It is an abelian group when s = n).

Let K be a field of characteristic zero that contains a primitive p®-root of
unity ¢ and does not contain primitive p**! roots of unity. For any ¢ € K*, let
L = K(u,)/K be a cyclic Galois extension defined by u2" = " "¢ with the
Galois group Gal(L/K) = Zyn. Since ¢ 'uP’ is a primitive p”-root of unity, a
generator o of the Galois group of L can be chosen such that o(u,) = cilufrsﬂ.

Let ¢t be an indeterminate and let k = K ((t)) be the field of iterated Laurent
series over K. Consider the field L((t)) & L®x K((t)) which is a cyclic extension
of K((t)) with the same Galois group (o) as that of L. Consider the cyclic
crossed product D = (L((t))/k,o,t), that is D = @f:o_l L((t))ul as an L((t))-
vector space with the multiplication given by u,b = o(b)u, for any b € L((t))
and u{,’" = t. We claim that the group G is a projective basis of D. Indeed,
let I" denote the multiplicative subgroup of D* generated by u, and u,. Then
D = k(T'), that is, D is generated by I' as a k-vector space. It is easy to see
that £*T'/k* =2 G and D = k*G where a corresponds to the central extension
1 — k* - k*I' - G — 1. Observe that in case that G is abelian, the algebra
constructed above is isomorphic to the symbol algebra (&, t)pn.

It is well-known that D is a division algebra. One way to show this is to
view D as a ring of twisted Laurent series over the field L in the variable u,.
Namely, D = L((uy;0)) = {Zpk aul k€ Z,a; € L} with the multiplication

on L((us; 0)) given by usb = o(b)u, for any b € L, where o is the automorphism
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of L defined above. This proves that D is a division algebra (see [8, Example
1.8]). We use this argument in cases (II) and (IIT) below.

n+1 n
72 = o2 7'21,O'TTO',>

= 7r3,7'7r7’1 !

(IT) G = Zyn+1 X (Zan X Z3) = <7r,0,7'

oo =T

Let K be a field of characteristic zero that does not contain v/—1, v/2 and
V=2. For any ¢ € K* such that ¢" ¢ 4K* we let L = K(u;)/K be a

gn+l 2

Galois extension defined by u = —c?". The Galois action of Gal(L/K) =

™

Zan X Zoy = {o,T) on L is given by

3
T

1

o(uy) =c tud and 7(ug) = cu;t.

Let D1 = L((us; o)) be a ring of twisted Laurent series over L in a variable u,-.
As above, it is a division algebra. Next, let D = D1 ((u,; 7)) be a ring of twisted
Laurent series over the algebra D in a variable u,, where the automorphism 7
of D; extends the action of 7 on L and the action on u, is trivial. Since Dy is
a division algebra, D is a division algebra as well.

It is easy to see that the center k of D is generated by the field K = L{=7)
and the elements s = u2" and ¢t = u2, namely, k = K((s))((t)). Moreover, the
field L((s))((¢)) which is a Galois extension of k with the Galois group (o, 7),
is a maximal subfield of D. That is, D is isomorphic to the crossed product
(L((8))((t))/k, {o,7), ). The elements u, and u, represent o and 7 in D and
the 2-cocycle f is given by

on

— 2 _ _
u; =8, u:=t and (uy,u;)=1,

where (uy, u,) denotes the commutator of u, and w,. Finally, arguing as in the
previous case we see that D is isomorphic to a twisted group algebra kG for
an appropriate class a € H2(G, k*).

(III) We complete the realization of p-groups as follows. Let G be a group
on the list A. Write G = Go X Z,» X Z,». We assume, by induction, that the
subgroup Gy is realizable as a projective basis of a division algebra, namely,
that there exist a field K and a cohomology class 3 € H?(G, K*), such that
Dy = KPGy is a division algebra. We may assume also that K contains a
primitive p"-root of unity. Let &k = K((s))((t)) where s,t are indeterminates,
and consider the k-algebra D = k°Gq ® (s,t),, where k°Go = KPGo @ k
and (s,t),r is a symbol algebra. Clearly, D = k*G for some a € H*(G,k*),
such that 7’658U (o) = B, that is, G is a projective basis of D.
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We now show that D is a division algebra. Let z and y be standard generators
of the symbol (s,t),r, that is 2™ = s, y" =t and zy = (yz (¢ is a primitive
p"-root of unity). Let D; = Dy((x)) be a ring of Laurent series in the variable
x over Dy = KPGy. Since Dy is a division algebra it follows that D; is a
division algebra as well. Now, let D1((y;7)) be a twisted Laurent series ring
over D; in the variable y, where the automorphism 7 of Dy is trivial on Dy and
7(z) = ("1a. Clearly, D = D1((y; 7)) and hence D is a division algebra.

(IV) Now, let G be a nilpotent group. Write G as a direct product G =
P x --- x P, of its Sylow p;-subgroups. Suppose P; € A for all 1 < i < m.
For every ¢, we can construct, as above, a field k; and a cohomology class
a; € H*(P;, k) such that kP, is a division algebra. Moreover, we can choose
the field k; to be Q(&)((t1)) ... ((tn,)), where &; is a p;*-primitive root of unity,
for a suitable number of indeterminates N;. Let £ = [], & be a root of unity of
order [[, pi* and let K; = Q(&)((t1)) ... ((tn,)). Observe that since K; does not
contain pfiﬂ-primitive roots of unity, precisely the same construction of a; €
H?(P;, K) asin (I-1II) gives a division algebra K{* P;. Consider Ki,..., K,, as
subfields of £ = Q(§)((t1)) - .- ((tn)), where N = max;(NN;). For all 1 < i <m,
let D; = K{"P; ® k. By [9, Corollary 19.6 a], we see that D; is a division
algebra. Finally, D = D1 ®j - - ®k Dy, is a division algebra, since all D; have
relatively prime degrees, and G is a projective basis of D.

This completes the proof of Theorem 3. |

We close this section by pointing out that in all of our constructions we may
replace Laurent series by rational functions. Indeed, given a group G as in
(IV), we may follow the above construction but now over an appropriate field
of rational functions of the form Q(§)(1,...,tn), to obtain a central simple
algebra A. This algebra restricted to the Laurent series field Q(£)((¢1)) ... ((tn))
is a division algebra and therefore A is a division algebra as well.

3. Rigidity.

In this section we prove Theorem 6.

We first prove the theorem for abelian p-groups. Let G be an abelian group
of symmetric type, that is G = Hizl Zpni X Zpni . We construct a division
algebra D such that any projective basis of D is isomorphic to G. Let F =
C((t1))...((tn)), N > 2¢, denote the N-fold iterated Laurent series field over
C (the Amitsur field). Consider the set of symbol algebras {(tax—_1, tog )pre toey
over the field F', and let i, ji be their standard generators (i and jj satisfy
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iﬁnk = top_1, j,fnk = tor, and igjr = {pru Jrir where {yni is a primitive p™-root
of unity). Let

0
(1) D= ®(t2k717t2k)p”k-
k=1
Clearly D is isomorphic to a twisted group algebra F*G for an appropriate
class a € H%(G,F*). Moreover, D is a division algebra by [13, Example 3.6

(a)]-

PROPOSITION 7: Let G, F and D = F“G be as above. Let H be a group and
B e H?*(H,F*). If D>~ FPH then G = H.

In order to prove the proposition we view D as a valued tame and totally
ramified (TTR) division algebra over F.

Let us recall some definitions and notation related to valuations on division
algebras (cf. [13]). Let v be a valuation on an F-central division algebra D
with values in a totally ordered abelian group I'. Welet I'p = v(D*) and T'p =
v(F*) be the value group of v on D and F, respectively. The algebra D is called
tame and totally ramified over F' with respect to v if [I'p : I'p| = [D : F]
and char(F) 1 [D : F], where F is the residue class field of F.

We now define a valuation on the Amitsur field ' = C((¢1)) ... ((tn)) and its
extension to the division algebra D defined in (1). Consider the group ZN with
the right-to-left lexicographic order. There is a valuation v on F' with values in
ZN:

”(Z"'Zcilmmt? t?\]l\[) = min{(ilv cee 7iN) | Ciy..in 7é 0}
11 IN

The valuation v is called the standard valuation on F. Its value group is
I'r =27 and its residue field is F = C.

The division algebra D defined in (1) has a valuation v : D* — Q" which
extends the standard valuation v on F":

(2) v(ig) = 1/p™v(tag—1) = (0,...,0,1/p"™*,0,...,0),

y 1 23
,U(jk):F’U(t2k):(0""7071/p k70)"'70))

n

(with nonzero entries in the 2k — 1 and 2k positions respectively). With re-
spect to the valuation v we have T'p = (v(i1),v(j1),...,v(je)) + T'r, and so
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I'p/TF (the relative value group of D with respect to v) is isomorphic to
Hi:l Zpni X Zpni (=2 G). Therefore, the division algebra D is TTR over F'.

Next, we recall the notion of armature ([13]) which is basically the same as
the notion of an abelian projective basis:

Definition 8: Let A be a finite-dimensional F-algebra. Let A be a (finite) sub-

group of A*/F* and ay,as,...,a, be a representatives of the elements A in
A. We say A is an armature of A if A is abelian and {a1,as,...,a,} is an
F-base of A.

Clearly, the group generated by {ixF*/F>, j, F*/F*}4_, in D*/F* is an
armature of D. The following result (due to Tignol and Wadsworth, [13, Propo-
sition 3.3]) establishes that the armature of the algebra D is uniquely determined
by its relative value group.

PROPOSITION 9: Let (D,v) be a valued division algebra with D tame and
totally ramified over its center F. If A is an armature of D as an F-algebra
then the map v: A — I'p/T'r induced by v is an isomorphism.

Now, we can prove Proposition 7.

Proof. Let H be an abelian group and suppose there exists a cohomology class
B € H*(H, F*) such that FPH = D. Note that B = (u,F*/F* |oc € H) = H
is an armature of D. By Proposition 9, B is isomorphic to the relative value
group I'p /T'r with respect to the valuation v defined in (2). Since I'p/T'r & G,
we get G = H.

A nonabelian group cannot form a projective basis of a division algebra over
the Amitsur field F', because F' contains all roots of unity (see [1, Section 2]).
Hence the algebra D has no nonabelian projective basis and the proposition
follows. 1

It remains to prove Theorem 6 for nonabelian groups.

CASE It G = (Zpn X Zpn) X Zpra X Zpra X+ -+ X Zpre X Zpre With a set of generators
T,0,93,...,v20. Assume that G’ = (7P") (s > 1, or s > 2 when p = 2) and,
therefore, r, < sforall 2 <k < /.

For N = 2¢ define K = Q(§)((t1)) - - ((tn~)) where £ is a primitive p*-root of
unity. It was shown in the previous section (see (I), (IIT)) that there is a class
a € H?(G,K*) such that D = K°G is a division algebra. Namely, we let D
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be a tensor product of the form D =D ® Dy ® --- ® Dy, where Dy is a cyclic
algebra generated by the elements u, and u, subject to the following relations:

_ pn75 n _ _ —1 s
b =t & wl =ty and  (ug,ur) =17 ub |

and for all 2 < k < ¢, Dy, is the symbol algebra (tor—1,t2x)prs -
We claim that the algebra D is of exponent p™. Indeed, the algebra D; is
isomorphic to a cyclic algebra of the form

(QE)((t1)) (un)((t2)), 0, 2) Qe (1)) (1)) K

and it is of exponent p™ by [9, Corollary 19.6 b and Corollary 19.6 a]. Fur-
thermore, the symbol Dy, is of exponent p™* < p® < p” for all k, and the claim
follows.

Suppose that D is isomorphic to KPH for some H and § € H?(H,K*).
Observe that H is not abelian, for, otherwise, by [4, Theorem 1.1], K°H is a
tensor product of symbol algebras, and hence exp(K?H) < p° - the number
of p-power roots of unity in the field K, a contradiction. Therefore, by [2,
Theorem 1], H is of the form (Z,m x Z,m) x B where generators z and y of the
semidirect product Z,m x Z,m satisfy 2P =yP" =1 and yzy~' = 2P ! and
B = pr1 X prl X o0 X pr] X pr] is abelian of symmetric type of exponent
<p°

Consider the subalgebra K?(Zm x Zpm) of KPH. By the Factorization
Lemma in [1] it can be factored from K H, that is there exists a 2-cohomology
class 3 on B = H/(Zym x Zpm) such that:

KPH = K*(Zyn x Zym) ® KPB.

Since B is abelian, by [4, Theorem 1.1], K PBis a product of symbol algebras
of the form: ,
KB = (R)(azk—1, ask) s -
k=1

In particular, it follows that the algebra K”H is of exponent at most p™.

We claim that m = n. First, if m < n then exp(KPH) < p™ < p" = exp(D),
a contradiction. To see that m < n, we restrict D = D1 ® --- ® Dy to the
Amitsur field F = C((t1))... ((tn)) 2 K ®Qe C

Consider the subfield E = K(z) of D where z = u?" /t;. By [10, Proposition
7.2.2] D; ® E is Brauer equivalent to the centralizer Cp, (E) of E in D;. It is
easy to see that Cp,(E) = K(uy,ul ), and it is isomorphic to the symbol
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algebra (t12,t2),s over the field E. Since z = u2 /t; is a primitive p"-root of
unity, it follows that D1 ® F = Dy @k K({) ®k(¢) F' ~ (t1(,t2)ps where ( is a
primitive p™-root of unity in C. Since the symbol algebra (¢1¢,t2),s is Brauer
equivalent to (¢1,t2)ps over F' ([10, Proposition 7.1.17]) we have:

(3) D@k F ~ (t1,t2)ps @F (t3,t4)pr2 @F - @ (tae—1,t20)pre -
Since the latter is a TTR division algebra we have that
ind(D ® F) = ind(D)/p™~°.

Now consider the multiplicative subgroup H of (KPH)* generated by repre-
sentatives of H in K”H. Observe that H is center by finite, so by a theorem
of Schur [12, Chapter 2, Theorem 9.8] its commutator subgroup H' is finite. It
is easy to see that K*H'/K* = H'. Since the commutator subgroup H' of
H is of order p™~* it follows that K°H contains a cyclotomic field extension
KPH'/K of degree p™~* and hence ind(K°H ® F) < ind(K”H)/p™~*. Thus,
we have m < n and the claim follows.

Now, write H = (Zyn X Zpn) X Zpty X Ly X+ ><prJ prfJ, and let 2 and y be
generators of the semidirect product Zpn X Zpn. Let u,, u s be representatives
of z and 27" in KA H. Since the field K H' = K (u,») is a cyclotomic extension
of K, we may assume that uf: = £. There is an element a € K* such that
uP’ = augps. Tt follows that u2” = a?" "¢, Since (z) is a normal subgroup of
H, by [1, Lemma A] we have that K (u,)/K is a Galois field extension which
is cyclic of order p™. Moreover, conjugation by representatives up,h € H of
KPH induces a surjective homomorphism H/(z) — Gal(K (u,)/K). Tt follows
that conjugation by a representative u, of y induces a Galois action on K (uy),
and we may assume (choosing a new generator y if necessary) that u,uzu, L=
a~'u? t1. Also, there is an element b € K * such that ugm = b. As in the claim
above, we have that K#(Zpn x Z,n) @ F (where F is the Amitsur field defined
above) is similar to the symbol algebra (a, b),-. Hence, by an index argument we
have that (a,b)p: ® Q7._; (@2k—1, ask),#. is a division algebra, and, furthermore,
it is isomorphic to the algebra obtained in (3). Then, applying Proposition 7,
we get Zps X Zps X Zpra X Lpra X =+ X Ly X Lpre = Zps X Zps X B and hence
G = H as well.

CASE I1: G = (Zyn+1 X (Zan X Zg)) X Zo X Zg X -+ X Zy X Zy (where n > 1)
with a set of generators 7,0, 7,74, ..., Y20+1-
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We define K = Q((t1)) - ((tn)), with N = 2¢ 4+ 1, and construct a division
algebra D = K@ as follows (see (II) of the previous section):

D =D ® (ts,t5) @ -+ @ (tar, ta041),

where D1 is generated by elements u,,u, and u, satisfying the following rela-

tions:

2n+1 _ _t2n on

2
o :t27 U :t?n

(Ug, Ur) = tl_lugr, (Ur,Ug) = tlu;Q, (up,ur) =1,

and for all 2 < k < ¢, (tak,tar+1) is a quaternion algebra with the standard
ZENETALOLS Unyyy s Urygyo s -

We claim that the exponent of D is equal 2”. Indeed, by [2, Theorem 13],
the algebra D; is isomorphic to a tensor product of two cyclic algebras, namely

Dl = (K(uw)TaUa t2) ® Ca

where C' is a quaternion algebra. Using the arguments of Case I we get that
the exponent of the cyclic algebra (K (ur)7, 0,t2) is 2". Thus the claim follows.

Suppose that D = KPH for some H and 3 € H?(H,K*). Arguing as in
Case I, we conclude that the group H is of the form

(Zym+1 X (Zam X Z3)) X Zy X Ly X +++ X Zoy X L.

First, we have m > n, since by [2, Theorem 13] K H is isomorphic to a tensor
product of cyclic algebras of degrees 2™ and 2, and hence K”H is of exponent
at most 2™. Next, we prove that m < n. Consider the field E = K(z) where
z = u2/t; is a primitive 2" -root of unity contained in D. We claim that E is
the maximal cyclotomic subfield of D. Indeed, the centralizer Cp(F) of E in D

n—1

is easily seen to be Cp(FE) = K (ur,u2 Uy, ..., Uy, , ), and it is of the form
Cp(E) = (t12,t2) ®F (ta,t5) @ - - @ (tae, t2e11),

where the quaternion algebras above are considered over the field E. Now,
arguing as in the previous case we see that D® F and D ® E ~ Cp(E) are of
the same index and the claim follows. On the other hand, K”H contains the
cyclotomic extension K?H’ of K and its degree is ord(H’) = 2™. This shows
that m < n. Thus we have m = n, and hence G = H.

This completes the proof of Theorem 6. |
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